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THE GENERALIZED PROBLEM OF BREAKUP OF AN ARBITRARY DISCONTINUITY®

I.S. MEN'SHOV

The problem of breakup of an arbitrary discontinuity in a gas (the
Riemann problem) is generalized to the case when an arbitrary, in
general space-variable, distribution of the gas-dynamic parameters is
given on both sides of the discontinuity at the initial instant of time
(the generalized Riemann problem /1/). The solvability of this, in
general non-selfsimilar, model is proved and analytical formulas are
found for its solution in a small neighbourhood of the points of
discontinuity in the x, t plane, where & is the space coordinate and ¢
is the time.

A complete analysis of the selfsimilar Riemann problem was
developed by Kochin /2/. The generalized Riemann problem is in general
non-selfsimilar and does not admit of a simple analytical solution over
the entire x, t plane. However, some analytical solutions may be
obtained for this problem. Thus, for a linear initial distribution,
analytical formulas were obtained in /1/ for the values of the
derivatives of the gas-dynamic parameters along the contact
discontinuity for ¢ = 0.

Below, the generalized Riemann problem is considered in a small neighbourhood of the
point of discontinuity in the (z,f) plane and its analytical solution is constructed to a
first approximation in 6= )2+ #. BAnalytical formulas for the trajectories of discontinuities
are obtained in the same approximation.

1. The generalized Riemann problem is reducible to the following Cauchy problem for one-
dimensional non-stationary equations of gas dynamics:

(0@) + (pup + F), =0 (1.1)
¢ = (1v u, e+ l/zuz)Tv

s 0
F=(01p’ p"’)T’ pq)(O,a:): z:ii;’ ‘:io

where u, p and e are the velocity, density, and the specific internal energy, p=p(p €
is the pressure and ¢;(r) and @, (z) are functions which are differentiable in the domain
of definition, which specify the initial parameter distribution.

We will rewrite the system of Egs.(l.1) in characteristic form, introducing the specific
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entropy s=s(p, €), the velocity of sound a = a(p, ¢), the mass velocity of sound ¢ = pa,

and also new variables § and X related to & and t by 0=1Z - and A=atl:
eDou+D,p=0, cDu—Dp=0, Ds=0 (1.2)
D= YTEE @ty [t (e + o) 05 ]
Da= YR a1} [+ (i +amimr) 0 |

The solution of the system of Egs.(1.2) to within O (0?) is sought in the form

U= ug(d) + 0uy (A), p=po(A) 4+ 6p (A (1.3)
s =385 (A) + 0s, (M)

Considering the zeroth approximation with respect to 6, we find that the function with
subscript zero in (1.3) may be of one of the following three types: either u,, py, s = const,
which corresponds to a homogeneous constant flow, or it may satisfy the relationships

Uy F- ay = A, couty’ = po’ = 0, s, = const (1.4

which corresponds to a rarefaction wave (the upper sign is for a wave propagating to the left
and the lower sign is for a wave propagating to the right); the prime denotes derivatives
with respect to A.

Given the zeroth-approximation solution, we will consider the first approximation in 6
for each of the three types of solutions. Unless oOtherwise stated, we denote the first terms
(the zeroth approximation) by the subscript 0 and the coefficients of 9 (the first  approxi-
mation) by the subscript 1 in expansions of the form (1.3).

Constant flow. Integrating the corresponding system of equations 1n the first approxi-
mation

coD,*u, -- D, *p, = 0, ¢D_*u, — D _*p, =0, D*s =0 (1.5)

x__ 4 A 1 __4a L SR S
Di* =51 +(1+Aﬂ“+u01—ao_x)* D*=-x +(1+» +u.,_k>

we obtain the general solution

uy | _ g+ ag— A wg— g — A
foil = 5 G Sy (1.6)
ug— A
w=Cyirn

where C,, C,, C3 are arbitrary constants.

Rarefaction wave. To be specific, we will consider the case when the wave propagates
to the right. Then the system of equations in the first approximation takes the form

cotty + p1 + (1 + ay) (couy” + pg’) = 0, D*s; =0 1.7

D _*u, — —clo—D_*pl = [(%’)0 P+ (%)o Sl] B

The operators Di* and D* have the same form as in (1.5), and the variables with sub-
script zero (in particular, those in the operators D* and D.*) are functions of A which
satisfy relationships (1.4) with the lower sign.

Integration of the second equation in (1.7) gives

s1=Cy (122 exp [ — S & ] (1.8)

ug— A

where C, is an arbitrary constant. Seeing that

a = (%‘)0 pi+ ("g:“)o $1
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we can express u, from the first equation in (1.7)

U =Ko M) pr+ Lo (M) sy (1.9
1 14 2a¢ _ 2uy’ da
KM=~ im0 =~ (G,

Using this relationship to eliminate u; from the second equation in (1.7), we obtain
an equation for

D_* Ky — ¢o™") p1 + Losil = (8c7Y03)g po'sy
whose general solution is

Py = C(Ko—' _1_)_1 (1 4 A% Vs exp [__ S _‘“‘___] (1.10)

o Ug— ag — M

C=C(\)= S VTF A exp [—L] [(02—:'%1’0'51 —D* (Losl)] dh+Cy

Ug—ag— A

where €, is an arbitrary constant.

Formulas (1.8)-(1.10) give a general solution in the first approximation for the case
of a right-propagating rarefaction wave in the zeroth approximation. We can similarly determine
the solution for the left-propagating rarefaction wave. These solutions are essentially
simplified if we use relationships (1.4) for the zeroth approximation. Indeed, for the centred
rarefaction wave we have the equality

a1
e [~ o2z )=

Using this equality in combination with (1.4), we transform formulas (1.8)-(1.10) (and the
corresponding formulas for the left wave) and obtain the general solution in the first approxi-
mation for the rarefaction wave in the form

— coVe Q 1.11
P1 (CoKa:i:1)VT+_7~_’[CI+CZ o] ( )

8; = Co (1 + M) ey, uy = Kopy + Loy
- 3 —2uy _ 2uy da
Ko == Co (1 +2l.,') v Lo=c T+ 5,,0' ("5s_>o

0= —§ Ve[ (42S) ' + L+ gy ]

where the upper sign corresponds to a left-propagating rarefaction wave and the lower sign to
the right-propagating wave; the parameters with subscript 0 are defined by (1.4); C; and C,
are arbitrary constants.

We have thus obtained an analytical expression for the general solution in the first
approximation both in the constant flow region and in the rarefaction wave region. Note that,
in the first case, the general solution is determined apart from three arbitrary constants and
in the second case apart from two constants.

When solving the classical Riemann problem, the entire flow region is divided into a
number of subregions separated from one another by parameter discontinuity surfaces. Each
subregion is characterized either by constant flow or by a rarefaction wave. The general
solution in these subregions is known: it is described either by (1.6) or by (1.8)-(1.11).
Therefore, the solution of the generalized Riemann problem has been constructed, but only
apart from a number of arbitrary constants (16, depending on the particular problem) .

The values of these constants should be determined by analysing the relationships on the par-
ameter discontinuity surfaces. In the next section we will show that in the first approxi-
mation a complete analytical solution is obtained for the generalized Riemann problem, i.e.,
we determine all the constants and also the discontinuity trajectories in the x, t plane.

2. In the zeroth approximation with respect to @ (the classical case), the discon-
tinuity breaks up into a contact surface with right- and left-adjacent constant flow regions.
These constant~flow regions are separated from unperturbed regions by a shock wave, or by a
rarefaction wave fan, or finally by a weak discontinuity. We assume that the wave picture
is determined by the classical case, i.e., if initially the decay of the discontinuity
produces a shock wave, say, then the shock wave persists over some finite time interval.
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Consider the region lying on one side of the contact discontinuity (on the left or on
the right). Weé will show that in this region the solution of the generalized Riemann problem
is determined apart from one arbitrary constant.

To fix our ideas, let us consider the left region. Introduce a double index for the
parameters of the medium: the second index identifies the order of the approximation and the
first index identifies the subregion where the solution is sought (1 for the unperturbed
region, 2 for the rarefaction wave and 3 for the constant flow adjacent to the contact surface:
see Fig.1l). Thus, for instance, the pressure in the rarefaction wave is written in the form
P2 = Pog (M) + Opyy (M) + O (6%). The discontinuity surfaces are also indexed: 1 and 2 are the
characteristics bounding the rarefaction wave and 3 is the contact surface (Fig.l). In the
case of a shock wave or a weak discontinuity, region 2 disappears and trajectories 1 and 2
merge into one.

The equations of the trajectories of these discon-
tinuities are represented in the form A; = ;0 4 4,0 + O (8?),
i=1,2,3. Then their velocities are D; = A; -- 24,,0 4 O (6?%).
! Vs We assume that the solution of the problem in the
zeroth approximation (the parameters with subscript 0) is
known /3/. Arbitrary constants in general solutions for
regions 1, 2, 3 will be determined from "matching" con-
ditions on the discontinuity surfaces.

Assume that the initial parameter distribution on the
left and on the right of the discontinuity is given in its
neighbourhood in the form of a series in powers of 8:

3 7 3
—
/
7
—~7

x

Fig.l
A= —o0, u =1+ U,d + 0 () 2.1)

P = P1o - P1of + 0 (8%, s =15, + S8 + O (6%

The general solution in region 1 is given by formulas (1.6). Using the condition for
this solution to be "matched" with the initial values (2.1), specifically
lim u;; (A) = Uy, hlim pu (M) = Pm,’lim s (A) = Sy

Ar—co

we can determine the arbitrary constants and write the solution in region 1 in the form

uy = (1 + A7 [(uy — N Uy + P1o/piol (2.2)
—NP U — A
Py = (u19 :/110_:;?01110 B = ;110+ L 1o

If relationships (2.1) are a representation of the initial values on the right of the
contact discontinuity (z > 0), then by matching the general solution (1.6) with the initial
values on the line A= +o0 we similarly determine the first-approximation solution for
the unperturbed region on the right:

b — o) Uso — PuofPne.
yiyae
— (A — u1g) Prp — c1ga1U19 —r—uw ¢
Pu Vire R Viem 1

Uy =

The solution in the unperturbed region is thus completely determined.
Now consider the "matching" of this solution with the solution in region 3. We have to
consider three cases, when these regions are separated by a shock wave, a weak discontinuity,

and a rarefaction wave.
Shock wave. On the shock wave A = A; () we have the Rankine-Hugoniot conditions

Ps¥s = My, Py + my = I, Yy0* + hy = H, 2.3y

where vy = Dy — uy h3 is the enthalpy and my, I,, and H, are the mass, momentum, and energy
fluxes, determined from the parameter values ahead of the wave (in region 1).

Substituting expansions of the form (1.4) into (2.3) and considering the first approxi-
mation in @, we obtain a system of linear equations for the parameter values in:.region3 on

the shock wave: )
M=%  PaoVsr+ Vg0 [(‘%)30 Ps + (g—g)m Sel] =my (2.4)

Ps1 + Mygls + MyVae = Iy

oh ah
Vol + <73T>an Pa1 + (T)ao sy = Hy
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Omitting the fairly complex procedure for solving this system, we will merely present
the final result: the values of the first-approximation parameters in region 3 on the shock
wave front (M = A;y) are represented in the form

gy U, U,
P |=| Py +2k11(P2 (2.5)
N

\Sa1 Sl/ 2,

S1 = (%)“1 [( —~ >(l — Vyp}ihqy + (pi; - F:g-—) (1 — :l:z Mm?> Pu+
< gs ) St L"‘;&—,@l( 3s msn] v U= “M{[2990M302_

pro(1 + Mao”)] Uy — V3o (‘gg‘)ao 8§+ (1 + My? — %:—‘ul M:m“> V1o (gg—)msu -
ProM g (1 + Mae®) — pMse? (1 +Mmz) }, Py = my, Kg&_2> ug+U } +

Mig

(1+M10 *“""“Mm)l’u'“bm(l’ao—‘m” s ) S

10
Sa= ( Zf >ao ( S:, —1) “,”1?)’ Upy=1— mé—m[pwﬂ + My?) — (2.6)
ZosoMan® —vso <%)3o S"’] v Pa= (.1—— e+ U )mlo

— - _ ~1
V1o = Mo — Urns Vo = Ay — Ugos Myg = Uye850™Y, Mgy = Vgo30

Myp = Pro¥io == Paolzoe

where Sy, i4y; and p;; are the values of the first-approximation parameters in the  unper-
turbed zone (2.2) for A== Ay,

Substituting the parameter values on the shock wave (2.5) in the general solution for
region 3 (1.6), we can determine the constants and thus find the solution in the zone adjacent
to the contact surface in the shock wave case. Omitting the intermediate steps, we will give
the final result: the first approximation in the region between the shock wave and the contact
discontinuity has the form

ug W) = Uy (B + CU, (W) 2.7
Par (M) = Py (3 -+ CPy (A), 35 (B) = S1(0) + CS5: 3]
U () = Uiy (M) -+ ca0”" Pigpa (B) 2.8)

Pi(0) = coolsgy () + Pigy (M), S () = Siga (B}, i =1, 2

T Tag (usg— M) (a0 — hag) == as*
o (M) = 1-:_ }t: ® (30 — ;;e)‘ — aggt

AT Azg® agg (A — Asg)
P (4 = ]/ T+ M (a5 — hao?) — a9%*
1/ TFEGF up—A
q>3(2.) = T A% ugg— Azg
The constant € in {2.7) equals 2k, i.e., it is equal to the coefficient of 8 in the
expansion of the shock wave velocity [, in powers of 0. This constant is arbitrary. Thus,
the first-approximation solution as a whole in the region to the left of the contact dis-
continuity for the shock-wave case is described by formulas (2.7)-{2.8) and has exactly one
arbitrary constant.

Weak discontinuity. 1In this case the shock wave degenerates into a characteristic on
which all the parameters are equal. Using the condition of equality for the first-approxi-
mation parameters and noting that the values on the characteristics in the unperturbed gzone
are known ({2.2) for A = A;) and the general solution in the region behind the character-
istic is given by formulas (1.6), we can write a system of linear equations for the three
arbitrary constants in the general solution. The rank of the matrix of this system is 2, so
that we can only find two constantsg and therefore the solution in region 3 can be obtained
apart from one constant. This solution may be represented in the form (2.7), as for the shock
wave case, but the corresponding functions are different:

U3 () = 01 (M) O Us(h) = 2522 2.9)

Py (M) = @1 (A) pu (Mo)y Py (A) = ec3oUs (W)
S1(4) = Al i—_“ 533 (M), S2 (M) =0

gy~ 8agy x TFhag _
@1(7”)=A1musom~—ean—km’ A= Tf-"'il'g—’ e=—1
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The curvature of the characteristic in the first approximation is described by the

relation
Ay = /2 {uy (M) + eayy (Mp)]

Rarefaction wave. In this region, the entire set of solutions is defined by two
arbitrary constants. "Matching" of two sclutions on the first characteristic - the solution
in the unperturbed region and the solution in the shock wave region - produces the following
conditions in the first approximation:

A= Aigy oy -+ Myyligy’ = Un (2.10)
Por + AuPeo’ = Pr1s S = Su

From these three egquations we can find two arbitrary constants €j, €, in formulas (1.11)
and the value of Ay characterizing the curvature of the first characteristic of the rare-
faction wave. Omitting the intermediate steps, we give the final result: the first approxi-
mation in the rarefaction wave is described by the formulas

Par = Ay (e30Kap — &) (cye/era)’s [—2epyy (hyg) — 211
C10Lap (hye) 511 () + chsn (hio) Qg Iit.]
Sar = Ay {ey0/e10) 514 (Ryo)s tgy = KooPor + Loosn

and the curvature of the first characteristic is given by

___tn— Kyypy — Lagsn
A = ugy' (1 — ecrgKg)  |pty, (2.12)

Here all quantities with the subscript 20 are functions of A satisfying the relationships
for the left centred wave (1.5) and &= —1 as in {2.9).

The solution in region 3 adjacent to the contact discontinuity is described by formulas
{1.6) with three arbitrary constants. These constants are determined from the condition for
this solution to be "matched"™ with solution (2.11) on the second characteristic:

=g, ug = Uy F Uy Ry (2.13)
Pat = Poy + Pao'boys Say = Sy

Seeing that on the left characteristic A = Ayy, we have eyl — py; = 0, which follows
directly from (1.6), we obtain from (2.13) the ratio that characterizes the curvature of the
gsecond characteristic in the first approximation:

hoy o EPE (Aso) -+ cagtér (M)
2 2uigy’ (Ago) 36

Two relationships remain for three constants. Therefore, for a rarefaction wave, the
solution in region 3 has one arbitrary constant. After reduction, this solution can be
represented in the form (2.7} with the functions

. 4 4/ T hg® uspeosp—h  Cagtizs (heg) — P (hap)
U, (R)_?— l/ 13 5% ugy —- £a3g — hag £39 (214

Aag — A
2VT+m’

5y () =22

Uy (b)) = Py(A) = —wegoU (M), Po(h) = ecyollz (M)
g —
%%*EH s (hao)y S (M) =10
Thus, the solution in region 3 adjacent to the contact discontinuity on the left side
has the form (2.7) and {(2.8) if there is a shock wave on the left of the contact discontinuity,
{2.9) if there is a weak discontinuity, and {(2.14) if there is a rarefaction wave. This sol-
ution is determined apart from one arbitrary constant, The same conclusion is reached also
if we consider the region on the right of the contact discontinuity. All the formulas
obtained in Sect.2 remain true if we take & = 1.
Denote by €; and C, constants that determine the solutions on the left and on the right
of the contact discontinuity, respectively. To find these constants, we apply the equality
of velocities and pressures on the contact surface, which to a first approximation has the
form
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g (—hao) = iy (Fhgo)y P {(—Hs0) = pg1 (o)
Substituting in these relationships the solutions (2.7) in the regions adjacent to the
contact discontinuity, we obtain a system of equations for the constants C; and C,:
Un+CUy=Uy -+ Cllyey, Pyu+CPy =P+ CoPy

where the subscript 1 denotes the values of the corresponding functions for A= —hy and
the subscript r denotes those for A-» +Aj. Solving this system, we obtain

_ T8y, — 1P T,, (U] Py —[P1] U

=g Y, Crm et i
Uzlpzr - Uzrpzl ’ " Uzlpzr - Uzrpzz (2-15)

[Ull = U],r— Uu, [P1] =P1r‘“‘“P11

C

which thus determines the complete solution of the generalized Riemann problem.
The curvature of the contact discontinuity in the first approximation is given by

)‘31 =1, (Ull -+ Clel)

3. Let us establish the forms of the functions K, Ly, &, occurring in the first-approxi-
mation formulas {(1.11) of the general solution for the rarefaction wave in a medium with a
binomial equation of state

£ = P+ VP co?

T a—hp  y—1

where Pe = V040" ¥ Pur Co are some constants. An ideal gas is a special case with (¢, = 0).
Introducing the entropy s (more exactly, some function of the entropy), we can represent
the density p, the velocity of sound a, and the specific internal energy e as functions of
§ and the pressure p:
P+ VP 1/ Col
e{p,s) m L " V0 S
(pos) = =57 P+ pa) "

P(B, ) =5(p+pY, a(p,s) =V + Py Vs

(3.4

The formulas defining the solution in the region of the centred rarefaction wave for a
medium with a binomial equation of state have the form

e =I5 [Fw—n+ i o] 32)

4 =+a )+ p () = (py + py) [a Wl — p,

where Uy, pr and a are the parameters of the background against which the wave propagates;
the upper sign corresponds to a wave propagating to the left and the lower sign to a wave
propagating to the right,

Substituting {3.1) and {3.2) into {1.11), we obtain

_ 1 3y—1 = 2 a
L=t b=F5
Q=+ 8{y-+1) a Ve ( a ><3v—1)1(2v-n)

— G- 5 oy

4. Using the relationships obtained above, let us consider the variation of the velocity
of a steady shock wave moving through a gas at rest with the parameters p0. Pjp if, starting
at some point {x = 0}, the density ahead of the wave starts varying in a manner which locally
has the form

Pro () = p1p + Ryoz + O (2%

This is obviously a special case of our problem, with a weak discontinuity on the left
of the contact discontinuity and a shock wave on the right of the contact discontinuity. The
constant C, in (2.15), which in this case determines the variation of the shock wave velocity,
is given by

Cp = —(c3oUy + Py){esolUs + Py)
Substituting Uy, U,, P, and P, from (2.6) into this ratio, we obtain, after some

reduction, that the acceleration acquired by the shock wave on passing through the point z = §
can be represented in the form
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4y = p R p M @MiE+1—y)— (r— 1) (s 1))
s P’ Moy (2yMi® +1—7) +2M7 7 —1

where M,, is the Mach number of the shock wave, M, is the Mach number behind the wave
front. We can show that # >0 for M;, > 1. Therefore the sign of a, is minus the sign
of Ry 1.e., if the density ahead of the wave increases, the shock wave decelerates, and con-
versely. The absolute value of the acceleration increases as the square of M.

5. In conclusion we note the following. The problem of the breakup of an ordinary
discontinuity plays an important role in numerical methods of the mechanics of continuous
media. In particular, its solution is used to construct finite-difference schemes for the
numerical integration of the unsteady equations of gas dynamics (so-called Godunov-type
schemes /3/). The result is a numerical scheme of first-order approximation, which leads to
certain errors in numerical calculations. The analytical solution of the generalized Riemann
problem obtained in this paper may be used to improve the order of approximation of the
Godunov scheme if the piecewise-constant approximation is replaced by a piecewise-linear
approximation.
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ON THE POSSIBLE MODES OF FLOW ROUND TAPERED BODIES OF FINITE THICKNESS AT
ARBITRARY SUPERSONIC VELOCITIES OF THE APPROACH STREAM*®

A.I. RYLOV

Supersonic planar flow round a symmetric tapered body is considered for
which, at each point, the angle of inclination of the wall is less than
the limiting angle for the shock polar corresponding to the approach
stream. It is shown that states of flow with the formation of both an
attached shock wave (SW) of the strong family and a detached SW with
subsequent subsonic flow between the shock wave, the body and the sonic
line are impossible at any stream velocities. In essence, the results
obtained by Nikol'skii /1/ are transferred to the case of an arbitrary
Mach number of the approach stream.

The impossibility of flow round a finite wedge with the formation of an attached SW of
the strong family has been proved when substantial simplifying assumptions are made in /2/.
The problem has been considered in /1/ in a general formulation under the sole assumption
that there are no local supersonic zones and closed stream lines in the subsonic flow domain
between the SW, the body and the sonic line.

In this paper, the proof is based on a monotonic change in the angle of inclination of
the velocity vector along lines of constant pressure (isobars). This fact, which is valid in
the case of vortex flows, has been established previously in /1/ and the analogous result for
#Prikl.Matem. Mekhan. ,55,1,95-99,1991




